Ultracold atoms confined in a dipole trap are submitted to a potential whose depth is proportional to the real part of their dynamic dipole polarizability. The atoms also experience photon scattering whose rate is proportional to the imaginary part of their dynamic dipole polarizability. In this article we calculate the complex dynamic dipole polarizability of ground-state erbium, a rare-earth atom that was recently Bose-condensed. The polarizability is calculated with the sum-over-state formula inherent to second-order perturbation theory. The summation is performed on transition energies and transition dipole moments from ground-state erbium, which are computed using the Racah-Slater least-square fitting procedure provided by the Cowan codes. This allows us to predict 9 unobserved odd-parity energy levels of total angular momentum J = 5, 6 and 7, in the range 25000-31000 cm −1 above the ground state. Regarding the trapping potential, we find that ground-state erbium essentially behaves like a spherically-symmetric atom, in spite of its large electronic angular momentum. We also find a mostly isotropic van der Waals interaction between two ground-state erbium atoms, characterized by a coefficient C iso 6 = 1760 a.u.. On the contrary, the photon-scattering rate shows a pronounced anisotropy, since it strongly depends on the polarization of the trapping
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I. INTRODUCTION
In the field of ultracold atomic and molecular matter, quantum gases composed of particles with a strong intrinsic permanent dipole moment, referred to as dipolar gases, have attracted a lot of interest during the last few years, as they can be manipulated by external electric or magnetic fields [1] [2] [3] [4] . Due to the long-range and anisotropic particleparticle interactions, dipolar gases offer the possibility to produce and study highly-correlated quantum matter, which are crucial for quantum information, or for the simulation of many-body or condensed-matter physics [5, 6] . The production of ultracold heteronuclear bialkali molecules, which carry a permanent electric dipole moment, in the lowest electronic state [7, 8] , the ground rovibronic [9, 10] and even hyperfine level [11] , was a ground-breaking result, as it demonstrated the possibility to control both the internal and external molecular degrees of freedom [12] .
Alternatively open-shell atoms possess a permanent magnetic dipole moment which is determined by their total angular momentum. The latter has the smallest possible value for alkali-metal atoms, namely 1/2, but it can be significantly larger for transition-metal or rare-earth atoms. In the context of ultracold matter, the first Bose-Einstein condensates of highly-magnetic atoms, obtained with chromium [13, 14] , were also crucial achievements. Later on, lanthanides started to draw a lot of attention: ultracold erbium atoms were produced in a magneto-optical trap in 2006 [15] . More recently Bose-Einstein condensation was reached with erbium [16] and dysprosium [17] [18] [19] [20] [21] , and ultracold thermal samples of thulium [22, 23] and holmium were also produced. These achievements stimulated both theoretical [24] [25] [26] [27] [28] and experimental studies [29, 30] , which complemented the work on ytterbium, the heavier (closed-shell) lanthanide element (see for example Ch. 1 of [31] and references therein).
In the present paper we theoretically investigate the optical trapping of ground-state 3 H 6 erbium atoms. The efficiency of the trapping mechanism relies on the knowledge of the dynamic dipole polarizability, which is a complex quantity depending on the trapping laser frequency ω and determining the optical potential depth and the photon scattering rate. We compute the dynamic dipole polarizability with a sum-over-state formula, whose versatility enables us to calculate both the real and imaginary parts of the polarizability at any desired frequency. Two theoretical values of the static (ω = 0) dipole polarizability are reported in the literature [32, 33] , which were calculated with purely ab initio methods. But as shown in recent papers, modeling lanthanides with such methods is a hard task. Here the relevant transition energies from the ground state and the related transition dipole moments are extracted from a semi-empirical approach combining quantum-chemical calculations and experimental data. One central objective of this article is to determine in which extent the non-spherical electronic distribution of erbium induces an anisotropic response to the trapping light.
Unlike alkali metals, lanthanides are characterized by a complex electronic structure since they possess an open 4f and/or 5d subshells in their electronic core, which is surrounded by a closed 6s shell. Since the electronic angular momentum associated with such configurations is larger, the electronic distribution of a particular Zeeman sublevel is strongly anisotropic. In addition the excitation of the core electrons occurring around 10000 cm −1 above the groundstate energy gives birth to very rich and complex spectra whose interpretation was an important part of atomic physics in the last decades [34, 35] . Today the knowledge of the spectroscopy of neutral and charged lanthanides including erbium is still incomplete [36] [37] [38] . Therefore using the Racah-Slater least-square fitting method implemented in the Cowan suite of codes [34] , we adjust calculated and experimental energy levels. This allows us to give a new theoretical interpretation of the spectrum of neutral erbium, and to predict 9 new levels accessible from the ground state through electric-dipole transition.
Since we manipulate a lot of atomic data in this paper, it is necessary to precise how energy levels are labeled. Although an atomic level can be unambiguously defined with its energy with respect to the ground state [39] , information about electronic angular momenta is also crucial. Strictly speaking, the only good quantum numbers are J the total (orbital+spin) angular momentum, M J its projection on the quantization axis z, and p the parity. For particular states, e.g. the lowest states of erbium, the total orbital and spin angular momenta, L and S respectively, are almost good quantum numbers. We also use the leading electronic configuration whose weight depends on the state under consideration (see the Appendix at the end of the paper). For example, ground-state erbium is of even parity and its total angular momentum is J = 6. It is of 3 H character (L = 5, S = 1) up to 99 %, the rest being 1 I; its leading configuration is [Xe]4f 12 6s 2 . Since our calculations are mostly based on the Wigner-Eckart theorem, we will often label the atomic levels as |βJM J , where β stands for all quantum numbers except J and M J .
The paper is organized as follows. In Section II we give all the formulas necessary to characterize the optical trapping of non-spherically-symmetric atoms, in particular the potential depth and the photon-scattering rate induced by the trapping light. Section III is dedicated to the spectroscopy of erbium. We first recall the main steps of the present approach based on the Cowan suite of codes, and we present our results for energies and transition dipole moments. In section IV we report on our tests and results for the polarizabilities of ground-state erbium. The reader interested in the final results is invited to go to subsection IV C. Finally section V contains concuding remarks, emphasizing on the van der Waals interactions between two erbium atoms. More details on the atomic structure calculations are reported in a final Appendix including tables for fitting parameters used to model the erbium spectrum, energies, Landé factors, and configuration weights.
II. OPTICAL TRAPPING OF NON-SPHERICAL ATOMS
When spherically-symmetric atoms, like 2 S alkali-metal or 1 S alkaline-earth atoms, are submitted to a light wave of angular frequency ω and intensity I(r), with r the atomic center-of-mass position in the lab frame xyz, z being the quantization axis, they experience a potential energy [40] U (r;
which is due to the second-order ac Stark effect. In Eq. (1), α scal (ω) is the (complex) scalar dynamic dipole polarizability of the atom, ℜ[...] denoting the real part, ǫ 0 is the vacuum permitivity and c the speed of light. The presence of the electromagnetic field also induces photon scattering with a rate equal to [40] Γ(r; ω)
where now ℑ[α scal (ω)] is the imaginary part of the dynamic scalar dipole polarizability. The complex polarizability is calculated by using the second-order time-dependent perturbation theory, which is cautiously discussed in Ref. [41] , and by attributing to each excited level a complex energy E β ′ J ′ − i γ β ′ J ′ /2, γ β ′ J ′ being the inverse lifetime of the level [42] . This gives where X (k) JJ ′ are angular factors [44] X (1)
The particular case of a circular right (left) polarization is obtained by setting A = +1 (-1) in Eq. (6) . In a linearlypolarized light, corresponding to A = 0, the trapping depends neither on the angle θ k nor on the vector polarizability. In this case θ p = θ is the angle between the polarization vector e and the quantization axis z. The trapping potential U lin MJ is obtained from Eq. (6)
and similarly Γ lin MJ (r; θ; ω) = Γ ell MJ (r; θ p = θ, θ k , A = 0; ω).
III. THEORETICAL INTERPRETATION OF NEUTRAL ERBIUM SPECTRUM
Equations (4), (5) and (7)- (10) above show that the polarizabilities crucially depend on the transition energies and transition dipole moment from erbium ground state. Therefore the quality of those data as well as the method to calculate them represent a central issue of this work.
The initial steps that led to the critical compilation of erbium energy levels were summarized by Martin et al. in [45] and later reported in the NIST database [39] . After 1978, systematic studies of hyperfine effects in 4f n 5d6s6p configurations of neutral lanthanides addressed the case of neutral erbium (Er I); but the fine-structure study preceding the determination of magnetic dipole and electric quadrupole parameters had to be limited to the terms of 4f 11 5d6s6p arising from the ground term 4 I of the core [46] . A first step in the description of Er I levels by means of the Cowan suite of codes [34] was used in an experimental determination of transition probabilities [38] . The Cowan codes led to energies and eigenfunctions by least squares determination of radial parameters in appropriate sets of interacting electronic configurations, following the RacahSlater method as reminded in [47] . The case of Er I turned out to be more complex than singly-ionized erbium (Er II) [36] , because in neutral lanthanides the lower levels of many excited configurations overlap the upper part of low-lying configurations. Before 1976, some levels with 7s, 8s, 6d electrons were identified by means of very selective decays (from 4f 12 6s(7s, 8s, 6d) to 4f 12 6s6p and from 4f 11 5d6s7s to 4f 11 5d6s6p and of hazy emission line profiles that are common for such transitions in lanthanides. The semi-empirical designations were tabulated in [39, 45] . As concerns combinations of valence electrons, estimates by Brewer [48, 49] 11 core totalize 10914 predicted levels and the four others 1258 levels. The limitations imposed by available computers are less tight than in earlier studies but the applicability of the parametric fitting in the RacahSlater method is decreased when thousands of adjustable parameters are introduced by several tens of configurations. This guided us in the choice of the electronic configurations included in the model. In the even parity, since we focus on Er I ground state, we consider the lowest configuration 4f 12 6s 2 . In the odd parity, we added the high-lying electronic configurations 4f 12 5d6p and 4f 13 6s to the known low-lying ones 4f 11 5d6s 2 , 4f 12 6s6p and 4f 11 5d 2 6s. Let us briefly recall the principle of the calculations with the Cowan suite.
1. First for each configuration separately, the RCN program calculates the electronic wave functions using the relativistic Hartree-Fock (HFR) method.
2. Then RCN2 calculates various radial integrals including: for a given configuration, the direct and exchange Coulombic integrals
(for equivalent and non-equivalent electrons), the spin-orbit energy ζ nℓ for each subshell; for each couple of configurations, the configuration-interaction Coulombic integrals
The radial integrals are treated in step (4) as adjustable parameters.
3. Using those radial integrals, RCG diagonalizes the atomic Hamiltonian in appropriate angular-momentum bases, e.g. given values of J. From the resulting eigenenergies and eigenvectors, it models the atomic spectrum by calculating in particular the Einstein coefficient for all possible electric-dipole transitions.
4. The energies calculated by RCG are then compared to the tabulated experimental levels. A fit on the atomic parameters is performed by the RCE code in order to minimize the mean error between experimental and theoretical energies. It produces a new set of parameters which serves as input for RCG (step (3)). Then a few RCG-RCE loops are performed to minimize the mean error.
We used both the LANL [50] and the Kramida [51] versions of Cowan codes. The optimal atomic parameters, which make the input for the last call of RCG, are given in appendix (see Tables  III and IV ). In the odd parity, 208 levels of the mixed configurations 4f 11 5d6s 2 , 4f 11 5d 2 6s, 4f 12 6s6p are used to determine 24 free parameters, 88 other parameters being constrained. The mean error is 65 cm −1 . The results are given in the appendix (see Tables V and VI) . The general agreement between experimental and theoretical Landé factors is a first indication of the quality of the eigenfunctions. The only noticeable exception is the inversion of the close J = 5 levels at 28026 and 28129 cm −1 .
IV. CALCULATION OF ERBIUM POLARIZABILITIES
A. Data sets of transition energies and dipole moments
The output of the previous calculations consists in a list of transition energies and Einstein coefficients, hence of reduced transition dipole moments, from ground-state erbium, which can be used in our sum-over-state formulas of the polarizabilities (see Eqs. (4), (5), (7-10)). We call that list the data set T (after "theoretical").
The data set T has been optimized so that the calculated energies match as well as possible the experimental ones. To obtain better values of the polarizabilities, we apply a second step of optimization by adjusting the monoelectronic radial integrals n ′ ℓ ′ |r|nℓ to minimize the standard error on Einstein coefficients
where N lev and N par are the numbers of levels and adjusted parameters respectively. In this section we discuss in details the influence on (14) of the scaling factors
with n ′ ℓ ′ |r|nℓ RHF the relativistic Hartree-Fock radial integral calculated by the Cowan code RCN2. In order to evaluate the reliability of the data set T, we also consider the 33 lines ending in ground-state erbium which were experimentally detected by Lawler and coworkers [38] ; we obtain the data set E (after "experimental"). Theory and experiment can be directly compared by extracting among the lines of data set T those which have an experimental counterpart; this gives the data set T'.
B. Convergence and uncertainty
Now we discuss the convergence and reliability of our calculations, taking mostly the example of the real part of the static scalar polarizability ℜ[α scal (ω = 0)] (see Eq. (4)). This quantity is not relevant in the context of optical trapping (except for CO 2 -laser traps) but there exists two theoretical values in the literature to which our results can be compared: 153 a.u. from Ref. [33] and 166 a.u. from Ref. [32] . The conclusions drawn for ω = 0 can actually be extended up to the first main resonances ω 20000 cm −1 . Note that the imaginary part of the static scalar polarizability will be examined separately. First, the influence of the different data sets with no adjustment on the scaling factors (f nℓn ′ ℓ ′ = 1) is addressed (see first three lines of Table I ). The two theoretical values T and T' clearly exceed the experimental one E. To have better an agreement between E and T', we should use radial scaling factors smaller than unity. In addition since for zero or weak frequencies, the scalar polarizability [Eq. (4)] is a sum of positive terms, and since the set of experimental lines is a priori incomplete, the value from data set E (132 a.u.) can be regarded as the lower bound for α scal (0). Given the configurations of odd parity that we include in our calculation of erbium spectrum (see Sec. III), the transition-dipole-moment matrix elements involve two radial integrals: 4f |r|5d and 6s|r|6p . We calculated the standard error on Einstein coefficients (14) between sets E and T', and we found that: (i) it is much less sensitive to f 4f,5d than to f 6s,6p ; (ii) the standard error is minimum (σ = 1.36 × 10 7 s −1 with N lev = 33 and N par = 2) for f 6s,6p = 0.77. The corresponding polarizability is 118 and 134 a.u. for data sets T' and T respectively. A closer look at the result shows that this scaling factor minimizes the error on the strongest line, whose upper level is the one of J = 7 at 24943 cm −1 . We made another test by searching the factor f giving the same result for the data sets T' and E. We found f = 0.81 and the corresponding polarizability 148 a.u.. The two "optimal" scaling factors (f = 0.77 and 0.81) are rather close to each other. Their discrepancy can be explained because the second criterion allows for compensation effects between theoretical Einstein coefficient larger and smaller than the experimental ones.
In conclusion, we take the previous results as our lower and upper bonds, and we take f = 0.79 for our recommended value. Finally we obtain ℜ[α scal (ω = 0)] = 141 ± 7 a.u., which is in a good agreement although smaller than the two literature values.
Convergence on excited energy levels.
Now that the question of scaling factors is solved, we discuss the convergence of the sum-over-state formulas inside the list of excited states in data set T. Namely, we truncate Eqs. (4), (5), (9) and (10) up to a given excited state |N = |β N J N of energy E N , and we plot the reulting polarizabilities α On Fig. 1 we focus on the real part of the scalar and tensor polarizabilities. We see that they are converged for E N ≈ 60000 cm −1 , where they reach at least 99 % of their total value. In addition, the scalar polarizability reaches already 90 % of its total value at E N ≈ 30000 cm −1 , that is when the strongest lines have been included in the sum. In comparison, the lowest energies associated with configurations not included in our calculation are estimated around 40000 cm −1 above the ground state [48, 49] . The convergence is visible on the tensor polarizability, although less spectacular, because the angular factor X the (E β ′ J ′ − E βJ ) −1 factor in Eq. (7) which enhances the importance of low-energy transitions; it is also inherent to the erbium spectrum which is composed of a few strong lines among a forest of weak lines.
3. Imaginary part of the static scalar polarizability.
In order to calculate the imaginary part of the polarizabilities, we need, in addition to transition energies and transition dipole moments, the lifetimes of all the excited states. For a given state this would require to know the Einstein coefficient of all the downward transitions from this state. Here we will rather make the assumption that all the excited states can only decay to the ground state. The inverse lifetime of the state |β ′ J ′ is then the Einstein coefficient of the transition to the ground state
where we have set the ground-state to zero. We can check this hypothesis by calculating the imaginary part of the static polarizabilities with the data set E. On the one hand we use Eq. (16) and on the other hand we used the lifetimes measured by the same group [37] . We obtain a very good agreement between the two methods which respectively give (8) and (10) . Figure 2 shows the imaginary part of the static polarizabilities as a function of E N . For the sake of coherence we have used the same scaling factor f = 0.79 as for the real part of the polarizabilities. The convergence with E N is even faster than for the real part: at E N = 30000 cm Table II .
C. Results
In order to present our results in a convenient way for experimental purposes, we give the polarizabilities of erbium in atomic units (units of a 3 0 , with a 0 the Bohr radius), but also the corresponding relevant quantities in physical units. To the real part of the polarizability corresponds the trapping potential in temperature units
and to the imaginary part of the polarizability corresponds the photon-scattering rate In what follows we assume the typical intensity of 1 GW.m −2 (obtained for a laser power of 15 W and a gaussian beam waist of 100 µm), which gives the potential U (in µK.GW Fig. 3 we plot the real part of the erbium polarizabilities and the corresponding trapping potentials as functions of the laser frequency (in cm −1 ) and wavelength (in nm). We see a dense pattern of resonances for ω ≥ 11000 cm −1 . But most of them are narrow, which corresponds to weak transitions from the ground state, and the background profile of the polarizabilities is inherited from the strong lines. In Tab. II we focus on two frequencies: ω = 0, to compare our results to the literature; and ω = 9398 cm −1 (λ = 1064 nm) a widespread laser-trapping frequency which is in the case of erbium far from any resonance. Our scalar and tensor polarizabilities are in good agreement with Refs. [32, 33] which were calculated with different methods.
But the most striking feature is that the vector and tensor contributions are found extremely small compared to the scalar contribution. It means that the trapping potential exerted on erbium atoms is almost isotropic, in a sense that it does not depend on the respective orientation of the electronic cloud and the light polarization. One possible explanation to that phenomenon is the following: the anisotropic response to the trapping light should be due to the electrons of the unfilled 4f shell; but the latter is so contracted that the anisotropy is by far dominated by the isotropic response of the outermost 6s electrons.
The situation is drastically different for the imaginary part, for which the scalar, vector and tensor polarizabilities are of the same order of magnitude (see Fig. 4 and Tab. II). The corresponding scaled photon-scattering rates are ∼ 0.1 s −1 .GW −1 .m 2 . After a cycle of absorption and spontaneous emission, a fraction of the atoms are too hot to be kept in the trap. Therefore the atomic lifetime in the trap will strongly depend on the orientation between the electronic and the light polarization. This is illustrated on Figure 5 where the reduced photon-scattering rate Γ lin −J for the lowest Zeeman sublevel is plotted as a function of the angle θ between the linearly-polarized electric field and the quantization axis (given by an external magnetic field). Due to the negative sign of ℑ[α tens ] the rate is the smallest, and so the trap is the most stable, in the colinear configuration (θ = 0 or 180
• ). A similar behavior is observed as a function of M J for a fixed angle θ = 0
• .
V. CONCLUDING REMARKS
In this article we give a new theoretical interpretation of the spectrum of neutral erbium, which enables us to characterize the optical trapping of ultracold erbium atoms. We find 9 unobserved levels which are accessible from the ground state through electric-dipole transition. We obtain a list of transition energies and transition dipole moments that we use to calculate the real and imaginary parts of the scalar, vector and tensor contributions to the ground-state polarizability. Although erbium is a non-spherically-symmetric atom, we show that the trapping potential exerted by an infrared laser is essentially isotropic, in the sense that it depends neither on the light polarization nor on the atomic Zeeman sublevel. In contrast, the photon-scattering rate exhibits an anisotropic behavior, since the vector and tensor contributions to the imaginary part of the polarizability are of the same order of magnitude as the scalar contribution. Calculations made with different transition energy and dipole moments including experimental ones show the same trends. Ongoing experiments in the Innsbruck group should allow us to check those results.
The anisotropy of the photon-scattering rate opens the possibility to control the heating or the losses in the trap with an appropriate light polarization. The dependence of the photon-scattering rate on the atomic sublevel also results in different trap lifetimes for different Feshbach-molecular states of Er 2 which are a current subject of interest.
Our calculations of polarizabilities are also relevant to characterize the long-range interactions between two erbium atoms. For non polarized atoms, i.e. not in a given Zeeman sublevel, the isotropic van der Waals coefficient C iso 6 can be calculated using the London formula C
2 , where α scal (iω) is the scalar polarizability at imaginary frequency, which gives for ground-state erbium C iso 6 = 1760 a.u.. In the case of polarized atoms, the C 6 coefficients also have an anisotropic contribution, which is very weak compared to the isotropic one, since it is proportional to [52] .
The knowledge of the polarizabilities of excited states, and in particular of so-called "magic" frequencies or wavelengths, i.e. the wavelengths for which polarizabilities of the ground state and of a given excited state are equal, is of strong importance for precision measurements [53] [54] [55] . In Ref. [25] , the authors calculate magic wavelengths for dysprosium atoms in a non-polarized light. In the case of a polarized light, our preliminary calculations show that the anisotropy of trapping potential for erbium excited states tends to be larger than for the ground state. For example, at λ = 1064 nm the polarizabilities of the level J = 7 at 15847 cm • to 160 a.u. for θ = 90
• [see Eq. (13)]. This opens the possibility of a better control of the trapping conditions, by tuning both the laser wavelength and the polarization angle, as recently shown for diatomic molecules [56] .
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Appendix A: Details of the atomic-structure calculations This appendix gives details on the calculation of the erbium atomic spectrum. Tables III and IV contains the optimal set of atomic parameters used for the last call of the diagonalization program RCG. For a given atomic parameter P , we multiply the HFR value by a scaling factor SF (P ), to obtain the input for the first call of RCG. The scaling factors SF (P ) given in Table III and IV were taken from our previous work on Er II [36] . In addition to E av ,
, the presence of effective parameters for accounting CI second order effects of far configurations. As explained in [34, 35] , those parameters are α, β and γ for the configurations 4f 11 and 4f 12 and Slater-forbidden parameters F 1 (4f, 5d), G 2 (4f, 5d) and G 4 (4f, 5d) for the configurations with open 4f and 5d subshells. Due to the lack of HFR evaluations, initial values for effective parameters are derived from semi-empirical comparisons with similar spectra. Finally Tables V and VI contain the characteristics of the calculated even-and odd-parity levels of Er I respectively. −1 ) for oddparity configurations of Er I compared with HFR radial integrals. The scaling factors are SF (P ) = P fit /PHFR, except for Eav when they are P f it − PHF R. The HFR values of Eav parameters are relative to the ground state configuration 4f 12 6s 2 taken as zero value. Some parameters are constrained to vary in a constant ratio rn, indicated in the second column except if 'fix' appears in the second or in the uncertainty columns. In this case, the parameter P is not adjusted. 2 s for 5d 2 6s and dp for 5d6p. The lower-case letters or Arabic numbers appearing in the seventh column correspond to different intermediate coupling schemes [34] .
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